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Abstract: Discriminatory Processor Sharing policy introduced by Kleinrock is of a great in- 
terest in many application areas, including telecommunications, web applications and TCP flow 
modelling. Under the DPS policy the job priority is controlled by a vector of weights. Varying 
the vector of weights, it is possible to modify the service rates of the jobs and optimize system 
characteristics. In the present paper we present results concerning the comparison of two DPS 
policies with different weight vectors. We show the monotonicity of the expected sojourn time of 
the system depending on the weight vector under certain condition on the system. Namely, the 
system has to consist of classes with means which are quite different from each other. For the 
classes with similar means we suggest to select the same weights. 
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Comparaison des politiques DPS 



Resume : L'ordre de service DPS (Discriminatory Processor Sharing) qui etait introduit par 
Kleinrock est un probleme tres interessant et peut etre applique dans beaucoup de domaines comme 
les telecommunications, les applications web et la modelisation de flux TCP. Avec le DPS, les jobs 
qui viennent dans le systeme sont controles par un vecteur de poids. En modifiant le vecteur de 
poids, il est possible de controler les taux de service des jobs, donner la priorite a certaines classes 
de jobs et optimiser certaines caracteristiques du systeme. Le probleme du choix des poids est 
done tres important et tres difficile en raison de la complexity du systeme. Dans le present papier, 
nous comparons deux politiques DPS avec les vecteurs de poids differents et nous presentons des 
resultats sur la monotonicite du temps moyen de service du systeme en fonction du vecteur de 
poids, sous certaines conditions sur le systeme. Le systeme devrait consister en plusieurs classes 
avec des moyennes tres differentes. Pour les classes qui ont une moyenne tres proche il faut choisir 
les meme poids. 

Mots-cles : Discriminatory Processor Sharing, le temp de service exponentielle, optimisation. 
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1 Introduction 

The Discriminatory Processor Sharing (DPS) policy was introduced by Kleinrock [11]. Under the 
DPS policy jobs are organized in classes, which share a single server. The capacity that each 
class obtains depends on the number of jobs currently presented in all classes. All jobs present 
in the system are served simultaneously at rates controlled by the vector of weights gk > 0, 
k = 1, . . . , AT}, where M is the number of classes. If there are Nj jobs in class j, then each job 
of this class is served with the rate gj/ Y^h=i 9k^k- When all weights are equal, DPS system is 
equivalent to the standard PS policy. 

The DPS policy model has recently received a lot of attention due to its wide range of applica- 
tion. For example, DPS could be applied to model flow level sharing of TCP flows with different 
flow characteristics such as different RTTs and packet loss probabilities. DPS also provides a nat- 
ural approach to model the weighted round-robin discipline, which is used in operating systems 
for task scheduling. In the Internet one can imagine the situation that servers provide different 
service according to the payment rates. For more applications of DPS in communication networks 

see rj, m, 0, 0, m- 

Varying DPS weights it is possible to give priority to different classes at the expense of others, 
control their instantaneous service rates and optimize different system characteristics as mean 
sojourn time and so on. So, the proper weight selection is an important task, which is not easy to 
solve because of the model's complexity. 

The previously obtained results on DPS model are the following. Kleinrock in [TT] was first 
studying DPS. Then the paper of Fayolle et al. [6] provided results for the DPS model. For 
the exponentially distributed required service times the authors obtained the expression of the 
expected sojourn time as a solution of a system of linear equations. The authors show that 
independently of the weights the slowdown for the expected conditional response time under the 
DPS policy tends to the constant slowdown of the PS policy as the service requirements increases 
to infinity. 

Rege and Sengupta in [13] proved a decomposition theorem for the conditional sojourn time. 
For exponential service time distributions in [14] they obtained higher moments of the queue 
length distribution as the solutions of linear equations system and also provided a theorem for the 
heavy-traffic regime. Van Kessel et al. in [8], [ID] study the performance of DPS in an asymptotic 
regime using time scaling. For general distributions of the required service times the approximation 
analysis was carried out by Guo and Matta in [7]. Altman et al. [2] study the behavior of the 
DPS policy in overload. Most of the results obtained for the DPS queue were collected together 
in the survey paper of Altman et al. [TJ. 

Avrachenkov et al. in [3] proved that the mean unconditional response time of each class is 
finite under the usual stability condition. They determine the asymptote of the conditional sojourn 
time for each class assuming finite service time distribution with finite variance. 

The problem of weights selection in the DPS policy when the job size distributions are ex- 
ponential was studied by Avrachenkov et al. in [3] and by Kim and Kim in [10]. In [10] it was 
shown that the DPS policy reduces the expected sojourn time in comparison with PS policy when 
the weights increase in the opposite order with the means of job classes. Also in [10] the authors 
formulate a conjecture about the monotonicity of the expected sojourn time of the DPS policy. 
The idea of conjecture is that comparing two DPS policies, one which has a weight vector closer 
to the optimal policy provided by c/i- rule, see [15], has smaller expected sojourn time. Using the 
method described in [10] in the present paper we prove this conjecture with some restrictions on 
the system parameters. The restrictions on the system are such that the result is true for systems 
for which the values of the job size distribution means are very different from each other. The 
restriction can be overcome by setting the same weights for the classes, which have similar means. 
The condition on means is a sufficient, but not a necessary condition. It becomes less strict when 
the system is less loaded. 

The paper is organized as follows. In Section [2] we give general definitions of the DPS policy 
and formulate the problem of expected sojourn time minimization. In Section [3] we formulate the 
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main Theorem and prove it. In Section |4] we give the numerical results. Some technical proofs 
can be found in the Appendix. 

2 Previous results and problem formulation 

We consider the Discriminatory Processor Sharing (DPS) model. All jobs are organized in M 
classes and share a single server. Jobs of class k = 1, . . . , M arrive with a Poisson process with 
rate Xk and have required service-time distribution Fk(x) = 1 — e~^ kX with mean 1/pk- The load 
of the system is p = YlkLi Pk an d pk = Xk/pk, k = 1, . . . , M. We consider that the system is 
stable, p < 1. Let us denote A = Y^k=\ ^k- 

The state of the system is controlled by a vector of weights g — (gi, . . . , <?m), which denotes 
the priority for the job classes. If in the class k there are currently Nk jobs, then each job of class 
k is served with the rate equal to gj / ^2kLi 9 k ^k, which depends on the current system state, or 
on the number of jobs in each class. 

DPS 

Let T be the expected sojourn time of the DPS system. We have 

M . 
k=l 

where Tk are expected sojourn times for class k. The expressions for the expected sojourn times 
Tk, k — 1, . . . , M can be found as a solution of the system of linear equations, see [6], 

A f )-t Af//J ' fc=l,-.,M. (1) 

i ^-r /',//, + pi, v. J ^— r /',//, + pan pi 

Let us notice that for the standard Processor Sharing system 

—ps = m 



TT^DPS 



One of the problems when studying DPS is to minimize the expected sojourn time T with 
some weight selection. Namely, find g* such as 

T (g ) = rmnT {g). 

9 

This is a general problem and to simplify it the following subcase is considered. To find a set G 
such that 

T DPS (g*) <T PS , Vg*eG. (2) 

For the case when job size distributions are exponential the solution of <[2j) is given by Kim and 
Kim in [10] and is as follows. If the means of the classes are such as p\ > p2 > ■ ■ ■ > A*m, then G 
consists of all such vectors which satisfy 

G = {g\ gi >g 2 > ... > g M }- 

Using the approach of [10] we solve more general problem about the monotonicity of the expected 
sojourn time in the DPS system, which we formulate in the following section as Theorem [TJ 



3 Expected sojourn time monotonicity 

Let us formulate and prove the following Theorem. 



INRIA 



Comparison of the Discriminatory Processor Sharing Policies 



5 



Theorem 1. Let the job size distribution for every class be exponential with mean i = 1, . . . ,M 
and we enumerate them in the following way 



> Uo > 



til > A*2 



> 



Mm- 



Let us consider two different weight policies for the DPS system, which we denote as a and (3. Let 

a, (3 6 G, or 

oti > a 2 > ... > atM j 
Pi >/3 2 > ... >Pm- 

The expected sojourn time of the DPS policies with weight vectors a and (3 satisfies 

T (u)<T (/?), 



if the weights a and (3 are such that: 

Ctj+l ^ Pi+l 
OLi ~ Pi 

and the following restriction is satisfied: 



, i = l,...,M-l, 



Mj+i 



<1-P, 



(3) 



(4) 



(5) 



for every j 



,M. 



Remark 2. If for some classes j and j + 1 condition (TJP is not satisfied, then in practice, by 
choosing the weights of these classes to be equal, we can still use Theorem^ Namely, for classes 
such as > 1 — p, we suggest to set ay+i = ay and Pj+i — 13 j. 

Remark 3. Theorem]^ shows that the expected sojourn time T (g) is monotonous according 
to the selection of weight vector g. The closer is the weight vector to the optimal policy, provided 
by cp-rule, the smaller is the expected sojourn time. This is shown by the condition ^j, which 
shows that vector a is closer to the optimal cfi-rule policy then vector (3. 

Theorem^ is proved with restriction {5p. This restriction is a sufficient and not a necessary 
condition on system parameters. It shows that the means of the job classes have to be quite different 
from each other. This restriction can be overcome, giving the same weights to the job classes, which 
mean values are similar. Condition (^j) becomes less strict as the system becomes less loaded. 



To prove Theorem Q] let us first give some notations and prove additional Lemmas. 

A I 



Let us rewrite linear system ([J) in the matrix form. Let — [T^ , 



T^m\ t be the vector 



of k = 1, . . . , M . Here by [ ] T we mean transpose sign, so [ ] T is a vector. By [ ]^ we note 
that this element depends on the weight vector selection g € G. Let us consider that later in the 
paper vectors g,a,(3 £ G, if the opposite is not noticed. Let define matrices and in the 
following way. 

^2 92 



/ 



A (9) 



DM = 



V 

f E 
o 



MlSl+PlSl 

^292+^191 

MM9M+M151 



M1S1+M292 

^2 92 
^232+^292 

>>2g2 





^m9m 
V191+HM9M 
A_m 9 m 

Xm9m 

t^M9M+f^M9M 






(6) 











him 



(7) 



1 MmSm+WSi 
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Then (TJ becomes 



[E-D<s) -A^)T {a) 



1 

Mi 



1 

Mm 

-DPS, 



(8) 



We need to find the expected sojourn time of the DPS system T (g). According to the definition 
of T (g) and equation |(8l) we have 



1 



T DPS ( 9 ) = j[\ u ...,\m]T (3) = j[\ u 



,Xm}(E - - A^)- 1 



1 T 



(9) 



1 1 

.Mi''"' Hm. 

Let us consider the case when Aj = 1 for i = 1, . . . , M, This results can be extended for the 
case when A; are different, we prove it following the approach of [10] in Proposition \W\ at the end 



of the current Section. Equation (J9j) becomes 

T DPS (g) = V{E-D^-A^)- x \p 1 ,...,p M ] T X-\ 
Let us give the following notations. 



(10) 



Aa) 



9j 



Vi9i + Vj9j 



Then a^' have the following properties. 
Lemma 4. and af^ satisfy 



a ij g% — a ji gji 



M* 



l 



Jg) 



Proof. Follows from the definition of a 



(<j) 



(11) 
□ 



Then matrices A^ and given by and J7]) can be rewritten in the terms of a 



A (g) _ GO 



D 



(g) 



,Af, 



,Af, 



For weight vectors a, (3 the following Lemma is true. 
Lemma 5. If a and ft satisfy then 



< 



ill 
0i 



i = l,...,M-l, Vj>i 



(12) 



Proof. Let us notice that if a < b and c < d, then ac < bd when a, 6, c, d are positive. Also if j > i 
then there exist such I > that j = i + I. Then 



tti+l Pi+l Cti+2 Pi+2 



i = l, 



Multiplying left and right parts of the previous inequalities we get the following: 



M 



a i+l „ fii+l 
OLi (Ji 



,M-2, 



which proves Lemma [H 



□ 
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Lemma 6. If a and (3 satisfy fU[ ), then 



(a) ^ W • ^ • 



Proo/. As HU) then 



a, /?,- 

— *<j, 
«i Pi 

a-jHiPi < pjHiCti, i < j, 

a, 3j 
< 1 i < ji 

(a) . f/3) . . . 

We prove the second inequality of Lemma [6] in a similar way. □ 
Lemma 7. If a, (3 satisfy Q), then 

T (a) < T 

w/ien i/ie elements of vector y = l'(E — _B^ Q ^) _1 M are such that yi > y% > . . . > yM- 
Proof. Let us denote B^) = + D<> g \ g = a,/3. Then as Ipj) 

T DPS (g) = X-H'iE - B^)- 1 \PU ■ ■ ■ :Pm] T , g = a,(3. 
Following the method described in [10] we get the following. 

T DPS (a) T DPS (f3) = \-H'(E B^)' 1 [ Pl , . . . , p M f - X^E - flW)" 1 [p u p M f = 
= X-H'dE - flW)" 1 - (E - flW)" 1 ) . . . , PM ] T = 
= X-H'dE - flWj-^BW - - fltfl)" 1 ) [pi, . . . lPM } T ■ 

Let us denote M as a diagonal matrix M = diag(pi, . . . , pm) and 

y = l'(E-B^)- 1 M. (13) 

Then 

T DPS (a) - T DPS {I3) = - B^^MM-^B^ - fi(«)T (/3) - 

= yAf-^B^ -S^)T (,3) = 

id 



>: ^ W + — — - OL a f + f TJ 



5 



As HU): 



a {9) l (T (s) 

- J — = — , 9 = a, (3, 
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then 










-4' 




Mi J 




-<#>)- 


1*1 






T (a) - T 



„< f)(s ,_,,l) Tf . 

Using LemmaH we get ^cr|j- ) — {Vi ~ Vj) i s negative for i, j = 1, . . . , M when j/i > 2/2 > ■ ■ ■ > 
2/m . This proves the statement of Lemma [7l □ 

Lemma 8. Vector y given by $13\) satisfies 

yi > V2 > ■ ■ ■ > vm, 

if the following is true: 

< 1 - P, 

for every i = 1, . . . , M. 

Proof. The proof could be found in the appendix. □ 

Mi+l 

to set the weights of these classes equal, cti+i 



Remark 9. For the job classes such as > 1 — p we prove that to make yi > yi+i it is sufficient 



Combining the results of Lemmas 011171 and [8] we prove the statement of the Theorem [TJ 
Remark [9] gives the Remark [2] after Theorem [TJ 

Proposition 10. The result of Theorem\]\ is extended to the case when \ ^ 1. 

Proof. Let us first consider the case when all Aj = q, i = 1, . . . , M . It can be shown that for this 
case the proof of Theorem [TJ is equivalent to the proof of the same Theorem but for the new system 
with A* = 1, fi* = qpi, i = 1, . . . , M. For this new system the results of Theorem [TJ is evidently 
true and restriction is not changed. Then, Theorem [TJ is true for the initial system as well. 

If Xi are rational, then they could be written in A-j = where pi and q are positive integers. 
Then each class can be presented as pi classes with equal means l/(J,i and intensity 1/q. So, the 
DPS system can be considered as the DPS system with p\ + . . . +pk classes with the same arrival 
rates 1/q. The result of Theorem [TJ is extended on this case. 

If Xi, i — 1, . . . ,M are positive and real we apply the previous case of rational Aj and use 
continuity. □ 



4 Numerical results 

Let us consider a DPS system with 3 classes. Let us consider the set of normalized weights 
vectors g(x) = (gi(x),g 2 (x),g 3 (x)) , Yn=i9i( x ) = 1 : 9i{x) = a:~7(ELi x ~ l )> x > 1. Every point 
x > 1 denotes a weight vector. Vectors g(x),g(y) satisfy property ((!]) when 1 < y < x, namely 

DPS 

9i+x{x) j gi(x) < g i+ i{y)/g l {y), i = 1, 2, 1 < y < x. On Figures [lj [2] we plot T with weights 

vectors g{x) as a function of x, the expected sojourn times T for the PS policy and T° pt for the 
optimal c/i-rule policy. 

On Figure Q] we plot the expected sojourn time for the case when condition <[5j) is satisfied for 
three classes. The parameters are: Aj = 1, i = 1, 2, 3, \i\ — 160, ^2 = 14, ^3 = 1.2, then p = 0.911. 
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condition satisfied. condition not satisfied 



On Figure [2] we plot the expected sojourn time for the case when condition is not satisfied 
for three classes. The parameters are: A, = 1, i = 1,2,3, fix = 3.5, ^2 = 3.2, fi 3 = 3.1, then 

Dpg DPS 

p = 0.92. One can see that T (g{%)) < T (g(y)), 1 < V < x even when the restriction (J5j) 
is not satisfied. 

5 Conclusion 

We study the DPS policy with exponential job size distributions. One of the main problems 
studying DPS is the expected sojourn time minimization according to the weighs selection. In the 
present paper we compare two DPS policies with different weights. We show that the expected 
sojourn time is smaller for the policy with the weigh vector closer to the optimal policy vector, 
provided by qu-rule. So, we prove the monotonicity of the expected sojourn time for the DPS 
policy according to the weight vector selection. 

The result is proved with some restrictions on system parameters. The found restrictions on 
the system parameters are such that the result is true for systems such as the mean values of 
the job class size distributions are very different from each other. We found, that to prove the 
main result it is sufficient to give the same weights to the classes with similar means. The found 
restriction is a sufficient and not a necessary condition on a system parameters. When the load 
of the system decreases, the condition becomes less strict. 
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6 Appendix 

In the following proof in the notations we do not use the dependency of the parameters on g to 
simplify the notations. We consider that vector g £ G, or g\ > g% . . . > gu- To simplify the 
notations let us use J^k instead of Y^k=i- 

Lemma [H Vector y = l'(E- B)~ l M satisfies 

yi > vi > ■■■ > vm, 
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if the following is true: 

Mi 

for every i = 1, . . . , Af. 



<l-p, 



Proof. Using the results of the following Lemmas we prove the statement of Lemma [8] and give 
the proof for Remark [9l □ 

Let us give the following notations 

/} = n T (E - D)-\ (14) 
A = M~ 1 AM(E-D)~ 1 . (15) 

Let us notice the following 

(E-D)f = - 1 Qk = 1 ^ > 0, j = l,...,M, 

M j 9j P-j9j 

7 = Mm^+m^) = Mm^+a^) i,J = l,...,M 

Let us give the following notation 

/(») = E 



Then 



,, Vk(x + Hkgk) 



(E-D)j 1 = — r, j = l,...,M, 

3 l-P + HVj9j) 



H9j 

Mi(M«5i + - P + H^j9j)) ' 



Aii = : I .. Tui I I .... — , i,i = l,...,M. 



Let us first prove additional Lemma. 
Lemma 11. Matrix 

A = M~ 1 AM(E - D)- 1 

is a positive contraction. 

Proof. Matrix A is a positive operator as elements of matrices M and A are positive and elements 
of matrix (E - Z))" 1 are positive. Let fl = {X\x x > 0, i = 1, . . . , M}. If X e SI, then AX G IX 
Then to prove that matrix A is a contraction it is enough to show that 

3q, 0< 9 <1, ||AX|| <g||X||, VIeO. (16) 

As X efl, then we can take = VX = £\ x l . Then 

E H 9 j 
i Hi(Mjgj+Hi9i) _ 



VAX 



E^E^-E^ (1 _ p+5(M . ff .)) 

= Htm) =^r x (i l ~ p 

4- ' ! /< • f(fM j9j ) ^ •\ l-p+ f(jM j9j ) 



E^-^-^Er 



P + HjJ-j9j)' 



INRIA 



Comparison of the Discriminatory Processor Sharing Policies 



11 



Let us find the value of q, which satisfies condition Q16jl . 

l'AX < l'X, 



Xj — (i — p) - — -i— — - <q^xj 



As f(njgj) > then 



i-(i- P ) Ej ' < q . 



0< l-(l-p) Ej p±fe) < i. 



Let us define 5 in the following way: 

, V ^ 

g _ I f^j l-P+f(,H9j) 

I- p+ maxj- / 5j ) £\ x 3 

Then 

1 _ (X _ p ) Sj <i_ ( x_ p)5 _ 

Let us notice that maxj f{[ijgj) always exists as the values of Pjgj, j = 1, . . . , M are finite. Then 
we can select 

q = l-(l-p)5, 0<q<l. 
Which completes the proof. □ 
Lemma 12. If 

^ 0) = [0,...,0], (17) 
y(«)=/2 + y(«- 1 )i ! n = l,2,..., (18) 

then — > y, when n — > oo. 

Proof. Let us present y in the following way. As B = E — A — D, then 

2/ = IC-E — -B) _1 M, 
yM~ l {E - D - A) = 1, 
yM' 1 (E - D) = -yM^A + l, 

y(E - D)- l M = -yM~ 1 A(E - D)~ 1 M + 1(E - D)~ l M. 
As matrixes D and M are diagonal, the MD = DM and then 

y = fi T (E - D)- 1 + yM~ 1 AM(E - D)~ l , 
where p = [p\, . . . , pm]- According to notations lfl4|) and l|15p we have the following 

y = p + yA. 

Let us denote yW = [y[ n) , . . -,y[ n) ], n = 0,1,2,... and let define y { ° } and by 0U and (|T5|). 
According to Lemma [TT] reflection A is a positive reflection and is a contraction. Also /2j are 
positive. Then y^ n > — > y, when n — > oo and we prove the statement of Lemma [El □ 
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Lemma 13. Let j/™-* is defined by $18\) and j/ -* is given by {7?P, then 



(n) (n) ^ - (n) -. „ 

yi >J/2 >••• >2/m > "=1,2,... 



(19) 



if < 1 — p /or every i = 1, . . . , M . 

Proof. We prove the statement (jX9j) by induction. For y(°> the statement l[T9|) is true. Let us 
assume that lfT9|) is true for the (n— 1) step, j/j ^ > j/j™ ^ > • • • > ^- To prove the induction 
statement we have to show that y± > > . . . > y^\ which is equal to that y^ > y p n \ if j < p. 
As 

M 

7/ ( " } -/-/■+ V 7, ( " _1) 4" - 

Vj — + / , i/i A y ) 



then 



A/ / M \ 



,1/ 



Mj — Mp + E ^* ' — A~j P ). 



i=i 



To show that — y p we need to show that fij — p p > and X)i=i J/*™ 1> i-^ij ~ Aj p ) — 0, when 
j < P- Let us show that to prove that J2i=i ]jf {Aij ~ A ip ) > 0, j < p it is enough to prove 
that ^2i—i(Aij — A ip ) > 0, j < p, r = 1, . . . , M. If we regroup this sum we can get the following 



M (n-1). 



M 



M 



(n-l) „(«-!), „("-!) 



M-l 



E (y^ 1] - ^i") - ^ip) + - a 2p ) + • ■ • + (4- - k P ) 



Vm ^((A? _ AO + ■ • • + (A(m-i)] - ^(M-i)p) + (Afj - Ar P )) 



Af-1 r M 

= E G/J n_1) - v&r 1} ) D^m - ao + yir 1} E(a - ao- 

i=l fe=l fc=l 

As j/j ^ > J/j+i > * = 1? • • • j according to the induction step, then to show that J2i=i (A ~ 

AO > 0, j < p it is enough to show that 53I=i (Ay — AO > Q, j < p, r = 1, . . . , M. We show this 
in Lemma [151 In Lemma [141 we show jlj > ftp, j < p, when < 1 — p for every i = 1, . . ., M. 
Then we prove the induction statement and so prove the statement of Lemma [T31 □ 

Lemma 14. 

Mi > A2 ••• > Am, (20) 

i/ ™^ < 1 — p for every i = 1, . . . , M. 
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Proof. Let us compare fij and jl p , j < p. If /Ltj — jj, p and gj — g p , then Jxj = fi p and (|20)l is 
satisfied. Let us denote 



which has the following properties 



9k 



,, x + fi k g k 



< f 2 (x) < p. (21) 

Then 



1-Ej u , ,+ u;0 , l-/2(Mifli)' 



Let us find 

- . _ - = Mj Mp = Mj - Mp ~ (j^jh(jip9p) - li P h{Hj9j)) 

lh MP ^--h{^i9j) 1-/2(Mp5p) ( 1 -/2(j"jfl'j))(l-/2(Mp3p)) 

As J21]) then 

Vjh(j* P 9p) ~ Mp/2(Mj9j) < MjP- 

Then 



(1 - / 2 (Mj5j)( 1 - h{th9v))) V VMj - Mp 

- gg) / r i_ p /_JL_^> 

(1 - / 2 (/x ift )(l - / 2 (Mp3p))) ^ V 1 ^7/ / ' 



when 



&<l-p. 
Mj 

So, if ^7 < 1 — p and ^ > gr p , then jlj > jl p . Let us show that if fij > fi p and gj = g p , then 
fij > fi P - In this case 



- _ ~ Mj Mp _ 

Mj MP 1 - h((J>j9j) 1 - /2(m p 5p) 

Mj - Mp ~ (Hh(^ P 9j) ~ /vM/figj)) 
(1 - / 2 (Mift))(l - h(Hp9i)) 

Ai 

(l - h(f*j9j))(l - h{Vp9j)) ' 

Let us find when Ai > 0. 



(A/ M 
sr^ gk sr^ 9k 
Mi > A*p > 



Mj Mp 



(Mi - Mp) i - 



gkjgjjrf - n p ) + Mfcgfc(Mj - Mp)) 

^ (m p 5j + MfcSfc ) (Mp& + Mfcfffc ) 

9k(9j(^j +M P ) + Mfcfffc) \ 
' (Mpffj + Mfe5fc)(Mp3j + Mfc5fc) / 



\fe=i 

A/ 



fc= 
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0<MjMp.9 j 2 , k = l,...,M, 

gkHk(gj((j>j + Hp) + Hk9k) < (jj-jfipsij + gAn 3 + H P )Hkgk + f4al)> k=i,...,M 

9kHk(gj(fJ-j + Hp) + Hk9k) < {Hj9j + Hk9k)(H P 9j + Hk9k), k = 1, . . . , M 
9k{g 3 {Hj + Hp) + Hk9k) < J_ k = 1 M 



(Hj9j + Hkgk)(H P gj + Hk.gk) Hk ' 



Then 



Ai > 0, //,,) ( 1 - > ^— ) = 1 -t> - n. 

Then we proved the following: 

If fij = n P , g 3 = g p , then fij = H P , 
If jttj > n P , gj = g p , then fij > fi p , 

If — < 1 — p, gj > g p , then fij — Hp- 
Hj 

Setting p = j + 1 and remembering that fj,i > . . . > /jm, we get that pi > P2 • ■ ■ > Pm is true 
when < 1 — p for every i = 1, . . . , M, That proves the statement of Lemma Qj] 

Returning back to the main Theorem [IJ Lemma [14] gives condition © as a restriction on a 
system parameters. 

Let us notice that for the job classes such for which the means are such as < 1 — p, if the 

Pi 

weights given for these classes are equal, then still fi t > /2»+i. This condition gives us as a result 
Remark [9] and Remark El □ 

Lemma 15. 

r r r 

^Ai 1 > y ^A i2 >...> y ^A iM , r = l,...,M. 



Proof. Let us remember A = M~ 1 AM(E - D)" 1 . Then as p = ^feti 77^ then 

i=i Pi(tijgj+Pi§i) Zjj=l ft, (/ijffj+jUiSi) 



Let us define 



where 



1 _ y- JW as 1 - o + V 



l-p + yif i—r-r \ l-p + /ii(x) + /i 2 (a;)' 



hAx) = V* 7 r > 0, 

^— ' pi(x + p^) 



i=l 
M 



/ l2 ( CC )= y —-t — > . 

3=^-1 ^(x + Hjgj) 

Let us show that fs(x) is increasing on x. For that it enough to show that > 0. Let us 

consider 

4fo(aQ = - p) + ^(^^(g) - feiM^M 

dx ~ (1 - p + /ii(x) + fe 2 (x)) 2 
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Since h[(x) > and 1 — p > 0: 

df 3 (x) 
dx 

Let us consider 



> if h' 1 (x)h 2 (x) - hi(x)h' 2 (x) > 0. 



r M r M 



r M , 

•sr-^ sr-^ I 9i x 9k x 

~[ k ~^ +l \( x + Hi9i) 2 (x + Pk9k)Pk Hi(x + p,i9i){x + fi k gk) 

r M , 

\ - >p x / gj g k 

k~?+l ( X + W&X 35 + ^k9k) \Pk(x + lliQi) Hi(x + p k gk) 

x / p l g l {x + g k Hk) - Hk9k{x + ^ 

jr[ k ~_ 1 i x + Vi9i)(x + Vkgk) \ HP-kix + fik9k)(x + 

r M 2 / \ 

x (JMgi - Pkgk) > Q 
k ~_ 1 ( x + Vi9i) 2 {x + HkgkYpk^i ~ 



Then ^§j— > and fz{x) is an increasing function of x. As fijgj > fJ, p g p , j < p, then we prove 
the statement of Lemma [TH □ 
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